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Abstract

If a real system and its perfect model (with identical parameters) can be made to synchronize identically, then for an imperfect model of a real
system with some unknown parameters, one can design a parameter estimation law, so that all parameters of the real system can be estimated from
the model. While the information needed to implement the law is not available in all cases, sufficient information is generally available for a PDE
system that possesses translational symmetry if some of the relevant state variables are known at the discrete set of points (or for the finite set of
Fourier components) that are coupled to the model. Parameter estimation is illustrated for a geophysical fluid dynamics model.
© 2007 Published by Elsevier B.V.
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The synchronization of loosely coupled chaotic systems ex-
tends the older idea of synchronized periodic oscillators in na-
ture [1]. Synchronized chaos has been described in electronic
circuits [2], partial differential equations [3], and, recently, at-
mospheric models [4]. In many practical applications, one is
concerned with the synthesis problem in synchronization—how
to design a control signal or coupling scheme for two chaotic
systems so that they are guaranteed to synchronize. If one sys-
tem represents “reality” and the other a “computational model”,
such a coupling can be used to effect data assimilation [6] from
a stream of noisy measurements into a running model that will
effectively predict the future of the true system [7,8]. In data
assimilation with an imperfect model, and more generally in a
Dynamic Data Driven Applications System (DDDAS) [9] that
dynamically integrates experimental measurements to adapt ob-
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servational strategy, one seeks to change model parameters, as
well as the model state, to match the true system more closely.
Practical methods have previously been suggested to augment
the dynamical equations for a pair of synchronously coupled
systems with parameter adaptation equations in particular cases
[10–12], but it has been argued that no general method ex-
ists [10]. We show here that a general method indeed exists for
an important class of systems: those given by PDE’s with con-
stant coefficients, the general form for physical theories with
translational symmetry.

To motivate the analysis of PDE systems, we first consider a
simple “real system” given by ODE’s:

(1)ẋ = f (x,p),

(2)ṗ = 0,

where x ∈ R
N , f : RN → R

N , and p ∈ R
m is the vector of (un-

known, constant) parameters of the system. We further assume
that s = h(x), where h : RN → R

n, n � N , is an n-dimensional
vector representing the experimental measurement output of the
translation invariance, implies parameter estimation, Physics Letters A
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system. A “computational model” of the system (1) is given by:

(3)ẏ = f (y,q) + u(y, s),

(4)q̇ = N(y,x − y),

where N(y,0) = 0, and u is the control signal. Generally, the
real system (1) and its model (3) are chaotic; for u = 0 the sim-
ulation quickly diverges from the real system behavior.

In this Letter we address the design of a parameter estima-
tion law N , so that q → p, along with a control law u that
gives y → x. Note that since p �= q the real system (1) and its
model (3) never identically synchronize. However, as we show
below, the system (1)–(2) may identically synchronize with (3)–
(4). We first prove the following statement: Assuming that the
systems (1) and (3) synchronize when p = q for some control
law u, then under some mild mathematical conditions, one can
always design N such that the system (1)–(2) and the system
(3)–(4) identically synchronize.

The method of proof, following [10], is to use the monotoni-
cally decreasing Lyapunov function that must exist for the syn-
chronously coupled identical systems to construct a monoton-
ically decreasing Lyapunov function for the coupled non-
identical systems with one set of dynamically varying para-
meters. Let e ≡ y − x and r ≡ q − p. Then consider the
synchronization error system:

(5)ė = h(e,y,p, r) + u(s,y),

(6)ṙ = N(y, e),

where h ≡ f (y, r + p) − f (y − e,p). Since necessarily
N(y,0) = 0, for chaotic systems e → 0 in (5)–(6) implies also
r → 0, as shown in [12].

Now consider the synchronization error system (5)–(6) for
the case of identical parameters:

(7)ė = h(e,y,p,0) + u(s,y).

For the system (7), we choose a positive definite Lyapunov
function Lo(e)|q=p . Assume that the control signal u is desig-
ned such that there is some time t0 for which L̇o(e(t))|q=p < 0
when e(t) �= 0 and L̇o(e(t))|q=p = 0 when e(t) = 0, for all
t > t0. The time t0 is a time by which all bursting has stopped
and after which the systems are assumed to proceed monoton-
ically toward synchronization, as they will for the many ODE
and PDE configurations that have been found to exhibit “high-
quality” synchronization.1

For the system (5), with differing parameters, we choose a
Lyapunov function

(8)L(e, r) = Lo(e)|q=p −
∫ ∑

i,j

(
∂Lo

∂ei

)(
∂hi

∂rj

)
rj dt.

First assume that f is linear in the parameters p, so that h

is also linear in r. It is easy to see that L̇o(e) = L̇o(e)|q=p +

1 Formally, the requirement for high-quality synchronization is that not only
are conditional Lyapunov exponents negative for chaotic trajectories, but they
are also negative for all unstable periodic orbits embedded within the attractor.
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∑
i,j (∂Lo/∂ei)(∂hi/∂rj )rj , so that L̇(e, r) = L̇o(e)|q=p . Choo-

sing

ṙj = Nj ≡ −δj

∑
i

(
∂Lo

∂ei

)(
∂hi

∂rj

)
,

where δj are positive constants, we have

L(e, r) = Lo(e)|q=p +
∫ ∑

j

ṙj

δj

rj dt

(9)= Lo(e)|q=p +
∑
j

r2
j

2δj

.

We conclude that L is a positive definite Lyapunov function
such that L̇ < 0 when e �= 0.

Therefore, the following theorem has been proved.

Theorem 1. Assume that

(i) the control law u in (7) is designed such that the synchro-
nization manifold x = y is globally asymptotically stable,

(ii) f is linear in the parameters p, and
(iii) the parameter estimation law (4) is designed such that

Nj = −δj

∑
i

(
∂Lo

∂ei

)(
∂hi

∂rj

)
,

where δj are positive constants. Then the synchronization
manifold y = x, p = q is globally asymptotically stable.

The main assumption of Theorem 1, that one can design the
control law u such that the systems (1) and (3) with p = q glob-
ally synchronize, in practice cannot always be easily satisfied.
However, local stability of the synchronization manifold x = y

(for identical synchronization) is more easily achieved. The the-
orem and its proof are readily modified for the case of local
stability of the identical synchronization manifold.

The premise of linearity in the parameters is not very re-
strictive. For instance, if f is a polynomial function of the
parameters p, one can regard each of the products pi1pi2 . . .

that appears in the expansion as a separate parameter, on which
f depends linearly. An application of the parameter update rule
to the new parameters will cause the parameters of the model
system corresponding to the quantities qi1qi2 . . . to converge to
the desired values. Other re-parameterizations can be used for
more general functional forms f . One is challenged to find a
physically relevant system of differential equations for which a
change of variables, together with the introduction of extra pa-
rameters, will not yield a system that meets the requirement of
linearity in parameters.

The theorem ensures the stability of the synchronization
manifold y = x, p = q . It says: identical synchronization im-
plies parameter estimation, provided that each partial derivative
∂Lo/∂ei is known for which the vector ∂hi/∂rj (j = 1, . . .) is
not zero. For the usual form Lo ≡ ∑

i (ei)
2, the requirement is

that xi be known if the equation for ẏi contains parameters that
one seeks to estimate. By considering a more general Lyapunov
function that is defined in terms of some subset S of the state
translation invariance, implies parameter estimation, Physics Letters A
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Fig. 1. The Lorenz parameter “σ ” vs. time for a ‘real’ system with slowly varying σ = p = 10 + 1
10 sin t , ρ = 28 and b = 8/3; and for a ‘model’ with ρ = 28,

b = 8/3 and σ estimated. As t → ∞ the model parameter q estimates the parameter p of the real system (a). Results are also shown at increased resolution in σ

after synchronization (b).
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variables, or their indices, Lo ≡ ∑
i∈S ci(ei)

2 for positive coef-
ficients ci , one obtains the looser requirement for each desired
parameter, that xi be known for at least some i for which the ẏi

equation contains that parameter. (Convergence may be slower
if fewer xi are known.)

As a specific example of parameter estimation, consider the
Lorenz system ẋ1 = p(x2 −x1), ẋ2 = ρx1 −x1x3 −x2, and ẋ3 =
x1x2 − bx3, where p is an unknown parameter (while ρ and b

are known parameters). Let s = x1 describe a measurement (or
observation) variable. The “model” is a second Lorenz system
ẏ1 = q(y2 − y1) + u, ẏ2 = ρy1 − y1y3 − y2, ẏ3 = y1y2 − by3,
and q̇ = N(y, e). Let the Lyapunov function Lo(e) ≡ e2

1 + e2
2 +

e2
3 and choose u = −(k1 +k2y

2
2 +y2

3/2)e1. For k1 > −p+ (p+
ρ)2/2 and k2 > 1/(4b), it is readily shown that L̇o < 0 globally
if e �= 0. In this case, Theorem 1 gives the parameter estimation
rule:

(10)q̇ = ṙ = N = a(y1 − y2)e1

for arbitrary positive constant a. Under the rule (10) the syn-
chronization manifold x = y, p = q is globally asymptotically
stable.

The method given by Theorem 1 succeeds even when the
parameter depends on time and when the system has noise.
Consider a Lorenz system for which the parameter p of the
real system varies with time as p = 10 + 1

10 sin t . Again the
model correctly estimates the parameter. Fig. 1 illustrates this
example with N(y, e) = a(y1 − y2)e1 and a = 100. As will be
reported elsewhere, noise is tolerated at a level that does not
take the system out of the basin of attraction of the synchro-
nization manifold, provided that high-quality synchronization
obtains.

In general, some of the partial derivatives ∂Lo/∂ei may not
be known and Theorem 1 may be inapplicable. The theorem
gives us no way to estimate the parameters ρ or b for the Lorenz
system, for instance, since only x1 is coupled, while x2 and x3
(hence ∂Lo/∂e2 and ∂Lo/∂e3) are unknown. But in the case
of translationally invariant PDE’s, the parameters are the same
at each point in space. In general, they can be estimated from
Please cite this article in press as: G.S. Duane et al., Identical synchronization, with
(2007), doi:10.1016/j.physleta.2007.06.059
E
D

P
R

a limited amount of information about the state at a discrete
set of points (or for a finite set of Fourier components), if such
information is also sufficient to give identical synchronization
globally or locally when coupled to a “model system”. Consider
a pair of spatially extended systems that are synchronously cou-
pled in one direction:

∂φA

∂t
+ Γ

(
φA

) = f AF
(
φA,φA

)
,

(11)
∂φB

∂t
+ Γ

(
φB

) + C
(
φA,φB

) = f BF
(
φB,φA

)
,

where Γ is some general form in the field φ, possibly involving
spatial derivatives, C is a similarly general form coupling φB to
φA, such that C(φ,φ) = 0, and the form F with coefficient f

specifies a “forcing”, which in general may also couple to the
other system. The two systems are dynamically identical when
φA = φB and f A = f B .

Define a core Lyapunov function Lo(φ
A − φB)|f A=f B ≡∫

d3x (φA −φB)2 and choose a Lyapunov function for the gen-
eral case of unequal parameters:

(12)L ≡ (
f A − f B

)2 +
∫

d3x
(
φA − φB

)2

corresponding to the form (9) for the ODE case.
Assume that Lo is monotonically decreasing, say

1

2
L̇o

(
f A,f A

) =N
(
φA,φB

)
where N is some negative semi-definite form, generally not
quadratic, in φA and φB . Then a ready generalization of Theo-
rem 1, and its proof, to the case of a continuum of state variables
tells us that if we impose the parameter estimation law

(13)ḟ B =
∫

d3x
(
φA − φB

)
F

(
φB,φA

)
,

we will find 1
2 L̇ = N and so the time-derivative of the Lya-

punov function for unequal parameters is also negative semi-
definite. Since the expression (12) for L is also bounded below,
translation invariance, implies parameter estimation, Physics Letters A
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Fig. 2. The evolving flow ψ (a)–(f) for two quasigeostrophic channel models that are synchronously coupled as in [4,5] (but in one direction only), and with
the forcing parameter f B for the second channel (denoted μo in the reference) allowed to vary according to the truncated parameter adaptation rule (16) with
S = {k: kx ,ky � 12} (in waves per-channel length). Starting from the initial value f B = 3.0 at time step n = 0 (not shown), f B converges (g) to the value of the
corresponding parameter f A = 0.3 (dashed line) in the first channel, as the flows synchronize. (An average of the two layers l = 1,2 is shown.)
110
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we have f B → f A as in the ODE case, provided that spurious
zeros of N can be avoided.

The procedure outlined above estimates a coefficient of forc-
ing for a wide class of synchronously coupled PDE’s, and is
Please cite this article in press as: G.S. Duane et al., Identical synchronization, with
(2007), doi:10.1016/j.physleta.2007.06.059
readily generalized for limited measurements of φA. The qua-
sigeostrophic potential vorticity equation, for instance, used
to describe the large-scale atmospheric circulation, has been
shown to exhibit high-quality synchronization when two copies
translation invariance, implies parameter estimation, Physics Letters A
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are coupled via partial exchange of only mid-range Fourier
components of the flow field [4,5]. The synchronization mani-
fold is either globally attracting or locally attracting in a very
wide basin. Synchronization of such systems may be useful
for meteorological data assimilation [8,13]. It is important that
forcing parameters in the equation can also be estimated. The
equation for potential vorticity q in a two-layer channel is

(14)
Dql

Dt
≡ ∂ql

∂t
+ J (ψl, ql) = Fl + Dl,

where the vertical layer l = 1,2, ψl(x, y) is streamfunction,
F is a forcing term, D is a dissipation term, the Jacobian
J (ψ, ·) = ∂ψ

∂x
∂·
∂y

− ∂ψ
∂y

∂·
∂x

gives the advective contribution to the
co-moving (“Lagrangian”) derivative D/Dt , and the potential
vorticity field, derived from the streamfunction, is given by

ql = f0 + βy + ∇2ψl + R−2
l (ψ1 − ψ2)(−1)l,

where the coefficients are defined in [5]. For a forcing of the
form Fl = f (q∗

l − ql), where the field q∗
l represents a fixed

pattern to which the flow is forced to relax, one might seek to
estimate the coefficient f .

Consider two systems, “A” and “B”, both given by equa-
tions of the form (14), but with the forcing in the B system
defined differently, in terms of its spectral components FB

k , so
as to effect a unidirectional coupling:

(15)FB
k = f B

∑
k

ak
(
q∗

k − qB
k

) + f B
∑

k

bk
(
qA

k − qB
k

)
,

where the layer index l is suppressed and the coefficients ak, bk
are slightly smoothed step functions of k, so that each spectral
component is either coupled to the corresponding component
in the A system or to the background flow q∗ or neither. The
coefficients are chosen so as to couple only the medium-scale
components:

bk =
⎧⎨
⎩

0 if |kx | � kx0 and |ky | � ky0,

(kn/|k|)4 if |k| > kn,

1 − (k0/|k|)4 otherwise

and to force only the large-scale components:

ak =
{

1 − bk if |k| � kn,

0 if |k| > kn,

as in [5], where the constants k0, kx0, ky0 and kn are defined.
The systems thus coupled synchronize, without bursting, as
shown in Fig. 2. (The forcing for the A system is correspond-
ingly truncated: FA

k = f A
∑

k ak(q∗
k − qA

k ).)
The parameter estimation rule in spectral space:

(16)ḟ B =
∑
k∈S

(
qA

k − qB
k

)[
ak

(
q∗

k − qB
k

) + bk
(
qA

k − qB
k

)]
,

is the Fourier transform of (13) if S is universal. But even for a
restricted range of wavenumbers in S, as in the figure, the rule
(16) causes f B to converge to f A as would follow from the use
of a correspondingly restricted Lyapunov function.

Analogously, suppose that the coupling C that gives iden-
tical synchronization in (11) for f A = f B is defined in
Please cite this article in press as: G.S. Duane et al., Identical synchronization, with
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terms of a discrete set of points, i.e., C(φA(x),φB(x)) = 0,
F(φB(x),φA(x)) = F(φB(x),φB(x)) unless x ∈ S, where S

is a discrete set of points, as in [3]. Then the use of a corre-
spondingly restricted Lyapunov function Lo ≡ ∑

x∈S[φA(x) −
φB(x)]2 implies that the integral in (13) is effectively estimated
by the sum

∑
x∈S(φA(x) − φB(x))F (φB(x),φA(x)).

The rule (13) states that the coefficient of forcing is to be
increased or decreased as the covariance of the local forcing
and the local error. If the spatial integral in (13) is replaced by a
time average, then the resulting rule for varying the coefficient
is analogous to the Hebbian learning rule, according to which
the strength of synaptic coupling is increased or decreased as
the covariance between pre- and post-synaptic potentials.

In conclusion, we have proved the following: If a transla-
tionally symmetric physical system and a model with identical
parameters synchronize and some parameters of the real system
are unknown, but some state variables whose equations contain
those parameters are observed at the discrete set of points (or for
the finite set of Fourier components) that are coupled to the syn-
chronizing model, then one can design a parameter estimation
law so that all parameters of the real system can be estimated.
The result can be applied to adapt any PDE model of a physical
system based on a limited set of ongoing observations.
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